In heterogeneous cellular networks (HCNs), the interference received at a user is correlated over time slots since it comes from the same set of randomly located base stations (BSs). This results in the correlations of link successes, thus affecting network performance. Under the assumptions of a K-tier Poisson network, strongest long-term averaged biased-received-power based BS association, and independent Rayleigh fading, we first quantify the correlation coefficients of interference. We observe that the interference correlation is independent of the number of tiers, BS density, signal-to-interference-ratio (SIR) threshold, and transmit power. Then, we study the correlations of link successes in terms of the joint success probability over multiple time slots.We show that analysis without considering the temporal interference correlation underestimates the joint success probability. Moreover, we explore the effects of BS density, transmit power and user association bias on the joint success probability. In particular, BS density and transmit power affect the joint success probability of the overall network by influencing the association probability of each tier. We also reveal that the unbiased cell association outperforms the biased cell association in terms of the joint success probability. Finally, we conduct simulations to validate our analysis.
I. INTRODUCTION
H ETEROGENEOUS cellular networks (HCNs) comprise traditional cellular networks and randomly located low power base stations (BSs) to effectively address the immense growth in data demand [1] - [5] . There exists temporal correlation in the interference and the link successes over different time slots since the locations of low power BSs are random. Such correlation can significantly affect the retransmission schemes and the performance of HCNs due to its impacts on the transmission success probability over time. However, very little research has accounted for the effects of such correlation, especially for HCNs.
A large amount of work has been conducted on the instantaneous performance analysis in a multi-tier cellular network [2] , [6] - [8] . Due to the random locations of such BSs, it is common to model them as multi-tier PPPs to analyze the performance of HCNs [8] , [9] . The authors in [2] derived the instantaneous outage probability and average rate in the case This work has been supported by National Natural Science Foundation of China (61231008, 61172079, 61201141, 61301176, 91338114), 111 Project (B08038), and 863 project (No.2014AA01A701). of SINR threshold greater than one. Further, the authors in [6] investigated the same performance metrics in HCNs with flexible cell association for any SINR threshold. However, all the aforementioned analyses only considered the interference statistics of HCNs in a single time slot. This is insufficient to comprehensively reflect the performance of HCNs since the interference received at a user comes from the same set of randomly located interfererers in different time slots and thus it is temporally correlated [10] - [12] .
While the temporal interference correlation significantly affects the system performance, efforts to investigate it have just begun recently. According to different configurations for the receiver, the lines of recent literature can be divided into three categories: the correlations between different time slots [10] , [11] , [13] , [14] , the correlations between different receive antennas [15] , and the correlations between different receivers [16] . The interference correlation was first investigated in ALOHA ad hoc network whose nodes are distributed as a PPP [13] . It was shown that even with independent Rayleigh fading, there exists interference correlation since the interferers come from the same random set. The authors used correlation coefficient and joint success probability to quantify the correlations of interference and link successes, respectively. However, the joint success probability is not explicitly calculated. In [14] , the expression of joint success probability in  time slots was obtained based on the diversity polynomial, which represents the temporal interference correlation. The interference correlation caused by three major sources, node locations, traffic and channel, was investigated in [10] . However, the distance between a transmitter and its receiver is assumed as fixed in the prior work.
In this paper, modeling the BSs as multi-tier independent homogeneous PPPs and the channels as independent Rayleigh fading channels, we study the interference statistics over multiple time slots. We obtain the correlation coefficient of interference and the joint success probability via the tool of stochastic geometry. We jointly take in to account the cell association, randomness in the network topology, and the temporal interference correlation in the analysis. We find that the temporal interference correlation cannot be ignored in the performance evaluation since it significantly impacts the system performance. We also present that the joint success probability of each tier is independent of BS density and Figure 1 . Illustration of heterogeneous cellular network composed of macro, pico and femtocell BSs and users transmit power. Furthermore, compared with biased cell association, unbiased cell association has a higher joint success probability as all users try to connect to the BSs with the strongest average power.
II. SYSTEM MODEL
A HCN consisting of three tiers of BSs (macro, pico, and femtocell BSs) is showed in Fig.1 . As -tier cellular model, the BSs in each tier are assumed to form an independent homogeneous PPP   with BS density   , transmit power   , SIR threshold   , and user association bias factor   . Due to the stationarity of homogeneous PPPs, the performance of any user is identical over the whole network. Therefore, we focus on a typical user located at the origin to study the network performance.
We assume wireless channels as temporally and spatially independent Rayleigh fading with unit-mean. The standard singular path loss function () = 1 kk   where   2 is the path loss exponent, is used to represent the large-scale path loss. We assume all BSs have full buffers and transmit packets all the time. Since all BSs use the same frequency band, there exist co-tier and cross-tier interference. Thus, the interference at the typical user associated with BS   at time slot  is expressed as
In an interference-limited network, the noise is neglected. Accordingly, the SIR received at the typical user is expressed as follows:
In a flexible cell association, a user is assumed to connect to the BS which provides the strongest long-term averaged biased-received-power. Accordingly, the BS chosen by a user located at z is expressed as
The association probability, which is denoted as   , is defined as the probability that a user associates with the BSs in the th tier. It is derived in [6, Lemma 1] as
where  = 2 . Furthermore, the probability density function of the distance between the typical user and its serving BS in the th tier is expressed as [6, Lemma 3]
III. THE CORRELATIONS OF INTERFERENCE IN HCNS
In this section, we investigate the spatio-temporal correlation of interference in HCNs and derive the correlation coefficient.
The correlation coefficient is undefined when the standard singular path loss function () = 1 kk  is used. This is because the average interference and its higher moments are infinite [12] . To study the correlation coefficient in this case, we first calculate the correlation coefficient using a bounded path loss function   () = 1 kk  +   ∈ (0 ∞), and then get it as  ↓ 0. The following Theorem gives the spatial and temporal correlation coefficient of interference in HCNs. Theorem 1. The correlation coefficient of interference in HCNs where the BSs follow -tier PPPs is
Further, the temporal correlation coefficient of interference (k − k = 0) is expressed as
The spatial correlation coefficient is given by
Proof: See Appendix A. The correlation coefficient of interference is independent of the number of tiers, and the corresponding BS density and transmit power. To explain this unintuitive result, we consider a HCN without fading or mobility. In this case, the interference power received by a typical user remains the same for all time slots and the corresponding correlation coefficient is one. Different realizations of BSs, such as different number of tiers and the corresponding BS density and transmit power, will change the interference power at all time slots, without affecting the interference correlation. This is because they uniformly scale the interference. Note that the correlation coefficient in HCNs is the same as that of ALOHA ad hoc networks (where the transmitters follow a PPP) with the ALOHA selection probability  = 1. This is because the sum of several independent PPPs is still a PPP.
For  =  and  1 6 =  2 , we obtain the temporal correlation coefficient which is only dependent on fading channels. Since the channels are subject to independent Rayleigh fading with parameter 1, the temporal correlation coefficient is equal to 0.5. When  6 =  and  1 =  2 , we obtain the spatial correlation coefficient for the standard singular path loss function when  ↓ 0. It should be noted that the spatial correlation coefficient being 0 is an artifact. The reason is as follows. When  () = 1 kk  , the interference created by user  is mainly decided by the transmitters in a disc  ( ) centered at  with a small radius   0. In PPPs, the transmitters locations of different user in  ( ) and  ( ) are independent with each other for a small . Therefore, the correlation coefficient goes to zero.
IV. JOINT SUCCESS PROBABILITY
In this section, we first derive the joint success probability in n successive time slots. Then, we show that analysis without considering the temporal interference correlation underestimates the joint success probability. At last, we study the case with unbiased cell association and present the effects of BS density and transmit power on the joint success probability.
The joint success probability of the th tier is defined as the probability that a user receives data packets successfully from its associated BSs in the th tier in  successive time slots. Under flexible cell association, a typical user is associated with at most one tier according to its long-term averaged biasedreceived-power. Based on the law of total probability, the joint success probability for HCNs is expressed as:
where   is the association probability of tier- given in (4) and  ()  denotes the joint success probability of the user associated with the   tier. Theorem 2 gives the expressions of the joint success probabilities of the th tier and the overall network, respectively. Theorem 2. The joint success probabilities of the th tier and the overall network are respectively,
and
where
Proof: See Appendix B for details. To better understand the proof, we now provide a brief summary of the main steps. We use   (  ) to denote the event that the typical user connects to its associated BSs successfully in the   time slot and   (  ) to express the corresponding failure event. Under flexible cell association, the typical user connects to the BS providing the strongest long-term averaged biased-received-power. Since fading is averaged out and no mobility is considered, the user connects to the same BS in  successive time slots. Thus, the joint success probability of each tier is expressed as:
  ) is the joint success probability of the typical user connecting to a given BS located at   in  successive time slots. To derive the joint success probability of each tier 
is obtained by averaging over the distance k  k. The joint success probability of the overall network is obtained following the law of total probability. Corollary 1. The analysis without considering the temporal interference correlation underestimates the joint success probability.
Proof: When the temporal interference correlation is ignored, the success probability in each time slot is the same, which is equal to
no matter the prior transmission is successful or failure. Moreover, the success probability after  time slots is a random variable with geometric distribution with parameter  (1) . As mentioned above,   (  ) denotes the event that the typical user connects to its associated BSs successfully in the   time slot. The ratio of the joint success probability in our analysis (considering temporal interference correlation) to that in the independent case is expressed as:
Since the success events with temporal interference are positive correlated,
Then, we obtain the above ratio is
This implies the results in the independent case underestimates the joint success probability. Corollary 2. When   = 1   , the joint success probabilities of the th tier and the overall network are respectively, 
Proof: The above results are obtained directly by substituting   = 1 into (10) and (11), respectively.
The joint success probability of the th tier with unbiased cell association is independent of the number of tiers, BS density, and transmit power. The reason is that increasing the BS density or transmit power not only increases the desired signal power, but also increases the interference power at the same rate. Hence, the effects are canceled and the SIR statistics remain the same.
Moreover, when   = 1, the cell association probability of the th tier is simplified to
, which is determined by the BS density and transmit power. Although BS density and transmit power do not affect the joint success probability of each tier, they do have an important impact on the performance of the overall network by affecting the cell association probability.
V. NUMERICAL RESULTS
In this section, Matlab and Monte Carlo methods are used in simulations to validate our theoretical results for the correlation coefficient and the joint success probability. We also discuss the impacts of user association bias factor on the joint success probability.
We consider a two-tier HCN with the locations of BSs in each tier following independent homogeneous PPP. The typical user is located at the origin. The Rayleigh fading channels are independent over different links and different time slots. In each Monte Carlo trial, the locations of BSs remain fixed in  time slots. But for different Monte Carlo trials, the locations of BSs are generated independently. Fig. 2 shows the correlation coefficient of interference varying with k − k for  = 4, E £  2 ¤ = 2, and   () = bias factor of tier 2 
kk  +   taking small positive values. We observe that the correlation coefficient of interference reaches the maximum value when k − k = 0. This gives the temporal correlation coefficient at the same location. Note that it is only dependent
. The correlation coefficient decreases with the increase of k−k, which coincides with our intuition. The farther the distance is, the smaller the correlation coefficient is. When  ↓ 0, the correlation coefficient goes to zero. This is because the interference is dominated by the transmitters located near to the receiver and the interferers for different receivers are independent in PPPs. Fig.3 shows the joint success probability varying with different user association bias factors under different path loss exponents. We observe that there is substantial difference between the results of the case considering the temporal interference correlation and those of the independent case. This suggests that the correlated interference significantly impacts the joint success probability, and thus its effects cannot be ignored in performance evaluation. Further, we find that the analysis in the independent case underestimates the joint success probability since the success events are positively correlated. We also notice that, the joint success probability of unbiased cell association are higher than those of biased cell association. This is because the users in the unbiased cell association connect to the BS with the highest average received power.
VI. CONCLUSIONS
In this paper, we have studied the interference statistics over multiple time slots in multi-tier HCNs where the BSs in each tier follow independent PPP. We have quantified the correlation coefficient of interference and showed that it is independent of BS density and transmit power. Considering temporal interference correlation, we have derived the joint success probability of HCNs under flexible cell association with independent Rayleigh fading. We have found that the temporal interference significantly impacts the retransmission probability, and thus the system performance. Therefore, we cannot ignore its effects in performance evaluation. Further, ignoring the interference correlation can substantially underestimate the joint success probability. Moreover, the change of BS density or transmit power affects the cell association probability and thus the performance of the overall network. We also have observed that, unbiased cell association provides higher performance than biased cell association in terms of the joint success probability.
APPENDIX A APPENDIX: PROOFS

A. Proof of Theorem 1
Proof: According to our system model, the interference of a randomly selected user located at  at time slot  is expressed as
 Since all users have the same interference distribution, we can conduct the analysis on a typical user located at the origin. The average interference is given by
where () comes from the linearity of the expectation, () follows from Campbell-Mecke Theorem. The mean product of   1 () and   2 () at different time slots  1 and  2 is showed in (16) (at the top of page 6), where ()follows by the second order product density of PPPs and Campbell's theorem.
The second moment of the interference is expressed as (17) (at the top of page 6).
The variance of the interference is given by
The correlation coefficient of two random variables is expressed as
Substituting (16) , (15) , and (18) into (19), we obtain the spatial-temporal correlation coefficient of the interference   1 () and   2 () that
The temporal correlation coefficient is obtained as
by setting k − k = 0. The correlation coefficient for the singular path loss is obtained as  ↓ 0. The spatial correlation coefficient is given by lim ↓0  ( ) = 0  6 =  [13] .
B. Proof of Theorem 2
Proof: Recall that 
where () follows from the independence of fading channels, () comes from the expression of interference   (  ) = P  =1 P ∈  6 =      ()  (), () follows by taking the average with respect to fading channels   (), () comes from the probability generating functional of PPP. Since the user connects to the strongest BS in terms of the long-term averaged biased-received-power, the closest interferer in th tier is at least at a distance   = ³
  can be rewritten as
 . Next, we calculate   as follows:
where () comes from  =   , () follows from the calculation of the integral in the above formula. So  ()   is expressed as
Averaging over the distance k  k given by (5) , the joint success probability of each tier is obtained as
Substituting (21) and (5) in (24), we obtain the joint success probability of each tier.
